Heat Transfer and Reaction in

Laminar Tube Flow

R. I. ROTHENBERG and J. M. SMITH

An analytical study was made of the temperature and composition distribution and heat
transfer characteristics for o reacting fluid in a tube. The reaction was assumed to be first
order and irreversible and the flow to be laminar.

The results, which consisted of radial and axial profiles of temperature, composition, and
Nusselt number could be expressed in terms of four parameters, The gradient of radial com-
position was usually sufficient to judge the effect of reaction on the heat transfer coefficient.
Owing to residence time and temperature effects, the Nusselt number even for an exothermic
reaction was usually greater than that for an inert system. For endothermic cases, the energy
flux 'due to diffusion increases the total energy flow, and the Nusselt number may be several
fold that in the corresponding nonreactive system.

For certain values of the parameters the radial temperature and composition profiles showed
maxima and minima between the wall and center of the tube. At these conditions the
direction of the flow of energy due to diffusion could not explain the increase in Nusselt number.
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A first-order homogeneous reaction was studied under
nonisothermal conditions in a laminar flow, tubular re-
actor. Owing to the radial temperature gradient, there is
a variation in the reaction rate constant k, across the
tube. Also a radial variation in reaction time (residence
time) exists due to the parabolic mass velocity profile.
Both effects cause the extent of reaction to vary in the
radial direction. This results in a radial composition
gradient which in turn induces diffusion. The first objec-
tive was to determine radial and axial composition and
temperature profiles under the combined influence of re:
action kinetics, mass velocity distribution, heat, and mass
transfer. Because of the large number of variables, some
assumptions are necessary to obtain a solution. First the
restriction to laminar flow means that radial transfer is
solely by conduction. The omission of natural convection
would significantly influence the results at some condi-
tions. The experimental work of Colburmm (7) and theo-
retical studies of Hsu and Smith (10) indicate that for
inert systems the natural convection effect is less than
15% when the Grashof number does not exceed 1,000.
This is an approximate statement because the effect is
influenced by the Reynolds number (13). This criterion
might also be used for reaction systems in the absence of
a better approach. The Grashof number for the condi-
tions of this paper is proportional to the cube of the ratio
R/T,. Hence natural convection would increase rapidly
as the tube diameter increases and the temperature level
decreases. Other assumptions are discussed later.

The counter diffusion of reactants and products results
in an energy transfer radially. Therefore, the total energy
flow is the sum of that due to the temperature and con-
centration gradients. Interpreted in terms of a total heat
transfer coefficient, the results show that reaction can
increase h several fold over that for an equivalent inert
system. One of the objectives was to evaluate this increase
as a function of the rate constants and enthalpy change of
the reaction.

Cleland and Wilhelm (5, 6) solved the isothermal prob-
lem for laminar flow in a tubular reactor. Fuller (8)
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studied reaction under nonisothermal conditions for tur-
bulent flow of a liquid. There have been numerous in-
vestigations (3, 11, 15) of the effect of an equilibrium
reaction on heat transfer in turbulent flow. Also Brian
and Reid (1) developed a method of predicting the in-
crease in heat transfer coefficient due to reaction in tur-
bulent flow. Their method is based upon film theory and
assumes that the temperature gradient is small. To the
authors’ knowledge temperature and concentration pro-
files, or heat transfer coefficients, have not been studied
for laminar flow in a tubular reactor.

THEORETICAL DEVELOPMENT

The reaction is assumed to be first order and irreversi-
ble. Also the molal diffusion fluxes of the reactants and
products in the radial direction are assumed to be deter-
mined by the stoichiometry of the reaction. For example,
for A » bB, N, = — b/a N,. Then the radial velocity
and net radial mass flux can be shown to be zero. It then
follows (Appendix) that the axial mass velocity in the
nonisothermal fluid is given by

(pv:) = 2G[1— (+/R)*] (1)

provided that constant density, Jaminar flow exists at the
entrance to the reaction zone. Equation (1) reduces to
the Poiseuille equation for constant density. Viscosity
variation across the tube radius, due to temperature gra-
dients, can distort the parabolic profile of Equation (1).
This effect would be small for gaseous reactions in most
instances but could be significant for liquid systems with
large radial temperature variations. It also may be noted
that Equation (1) also is based upon incompressible flow.
In the laminar range this is probably a good assumption.

The assumption of stoichiometric diffusion fluxes is the
basis for Equations (3) and (8) as well as (1). Its valid-
ity cannot be easily proven for a nonisothermal reaction
system. It is the usual assumption made in considering
reaction and flow in a tube with temperature variations
(2,9, 11, 18).
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The following equations [to Equation (26)] are based
upon an ideal gas mixture. Then the changes necessary to
apply the results to a liquid reaction mixture are con-
sidered. The expression for the constant pressure diffusion
of component A in a binary system is given by Bird,
Stewart, and Lightfoot (1) as

Sy,{
&r

NA:ZyA (NA+NB)'_CDAB (2)
If A and B are reactant and product in the flowing reac-
tion mixture, the above expression gives the radial dif-
fusion rate of reactant. Using the assumption of stoi-
chiometric diffusion, one can write Equation (2) as

&
Nu=— (D) =2 (3)
or
where D,, for the reaction aA = bB, is
Dy»
D, = - (4)

in terms of the binary diffusivity D,;.

The radial heat transfer contribution due to the tem-
perature gradient is
5T _
q k= (5)
In combining these rate expressions [Equations (5) and
(4)] with the conservation equations the following as-
sumptions are made:

1. Variations in ¢D, and the average molecular weight
M have a negligible effect. The total molal concentration
is a function of temperature (¢ = P./R,T), and D, is,
in general, a function of composition and the binary dif-
fusivities. For isothermal equal-molal counter diffusion,
Equation (4) shows that ¢cD, = ¢D.s. Hence for this case
both ¢D,; and M are constant. For nonisothermal diffu-
sion ¢D, is proportional to T*”, so that the effect of tem-
perature variations is small. The influence of composition
depends upon the system. For a reaction of the type A -
2B, ¢D. = cDus/ (1 + y.). Also M will vary. In dilute sys-
tems where a large fraction of the gas is inert the variation
in ¢D. and M would be small.
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Fig. 1. Effect of heat of reaction (exothermic)
on axial temperature profiles.
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Fig. 2. Effect of heat of reaction (exothermic)
on axial composition profiles.

2. k, C,, AH, and P, are constant.

3. Kinetic energy and gravitation effects are negligible.

4. Axial mass and energy transfer are negligible.
Conservation Equations

With the stated assumptions the mass balance of A is

_ AN g = (o 2D (6)
ror 8z

where y./M is the molal concentration of A per unit
mass, and R, is the rate of disappearance of A due to
reaction.

The enthalpy balance must account for the energy
change due to the reaction. It is convenient first to de-
velop an expression for the enthalpy of the system at any
point. This can be expressed as a linear function of T and
ya/M; that is

H—-H,=C,(T—T.) —aH{(y/M) — (y./M).] (7)

where H, is the reference enthalpy at T, and y., (the en-
trance condition).

The radial flux of energy due to diffusion is X N, H..
From the assumption of stoichiometric diffusion

SN, H, — — N.AH (8)

Now an energy balance can be written including the
radial contributions due to heat conduction and mass dif-
fusion and the change in enthalpy due to flow in the axial
direction. From Equations (7) and (8) this is

A 8T 8 A M
A SUNGD 8(rg) :pV;IZC,,—-—AH(y—/)]
rér rér oz b
(9

This can be stated in a simpler form by combination
with the mass balance [Equation (4)]:

3 Ro= vy 62 (10
r 3z

)

For the gaseous reaction
Ri=k p,=A [ ( E ) ] (11)
4= K. Pa = Ay | EXP R, T Pa
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Fig. 3. Radial composition profiles for exo-
thermic reactions.

For boundary conditions the wall and inlet temperatures
were chosen to be equal constants, and the inlet composi-
tion was taken as y4,. Hence

T=T, y=ys atz=0 (12)
T=T, atr=R (13)
and because of the wall restriction
$
Y4 _ 0 atr=R (14)
or

If Equations (1), (5), (3), and (9) are substituted in
Equations (6) and (10), the conservation equations are
obtained in terms of the primary variables 7, z, ., and T.
Dimensionless forms of these two expressions along with
definitions of the dimensionless variables are given be-
low:

Sy G [1 8y’ N sy ]
Sw' 1—(r)Ly &  (5r)®
Gs ( G. )
——y — 15
1_(r1)2y eXP T, + 1 ( )
ST 1 [1 ST’ N ST ]
sw 1— ()L v & (8r)°
=y e (- ) s
e —
I P\ T T
r=r/R (17)
S == - = k 18)
YT EN.N. 2FGC.- (
Y =ys/y (19)
T—T,
= 20
T, (20)

The G parameters necessary in Equations (15) and
(16) are the following dimensionless assemblies of the
properties of the system:

Cp Mc DA
k

G. = Lewis number = (21)
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G, = activation energy group = —— (22)

R, T,
R°MC,P: A
G, = frequency factor group = ——k—T—” (23)
AH )ya,
G = heat of reaction group = — (—-—)yA— (24)
MC,T,

Finally the boundary conditions in dimensionless form
are

T =0,y = latw = 0 (25)
=0 _gatr=1 26)
= (), = =
o (

Adaptation to Liquid Reaction System

Equations identical in form to (15) and (16) can be
derived for reaction in a constant density liquid, provided
that R, is given by

Ri=kica= (A, e™%7) ¢, (27)

In this case, Y = c4/c4,, and the dimensionless groups
are defined as G, = C, p D./k, G; = R® p C, A./k, and
G, = — AH ¢s,/T, p C,. The equation of G, is the same
as Equation (22). It may be noted that for a liquid sys-
tem Equation (2) becomes N, = — D, (8c.)/(8r), and
Equation (7) takes the form H — H, = C, (T —T,) —
AH[ (¢s/p) — (cao/p) 1.

METHOD OF SOLUTION

The solution of coupled and nonlinear Equations (15)
and (16) gives the temperature and composition at any
point in the tube. From these results the heat transfer
characteristics can be derived. Solutions were obtained
by finite difference techniques by machine computation.
The equations and derived quantities are summarized.

Derived Quantities

Bulk Values. The bulk temperature and composition
result when the fluid at a given axial position is mixed
at constant enthalpy and no further reaction occurs. With
this definition, the equations for T, and y,’ can be ex-
pressed as follows:

S =4 [T [ — ()] dr (28)
g =4y [ — (r)]dr (29)
)
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Fig. 4. Radial temperature profiles for exo-
thermic reactions.
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6,=10

Fig. 5. Point Nusselt numbers for exothermic
reactions.

Point Nusselt Number. The Nusselt number indirectly
includes the energy flux due to diffusion. Thus the heat
transfer coefficient used in formulating Ny, is the total
wall energy flux divided by T, — T,. The point value can

be shown to be
q-(2R) ( 1 )
Ny, = —— | — 30
) kT, \T/ (80)
The finite difference expression used to evaluate g., the
total wall energy flux, is given by Equation (38).
Average Nusselt Number. The average Nusselt number
over the reactor length 0 to z was based upon an arith-
metic mean temperature difference (A logarithmic value
was not possible since T, = T, at the tube entrance).
Hence

NNu= Q == 2Q
C (m) (To— Tk wz(To—T.):k

The heat transfer rate from 0 to z is
Q = #wR°G[H, — (H,).] (32)

Combining Equations (31), (32), and (7), and intro-
ducing dimensionless variables, one gets the following ex-

pression for Nau,:
1 Gi(l—yy) -~
Noo== [ -1 EEZ8 ]
w’ Ty

where T and y,’ are evaluated at w’.

(81)

(33)

Finite Difference Equations

The derivatives in Equations (15) and (16) can be re-
placed by difference approximations. If subscripts n and j
represent radial and axial increments, the temperature
form of the difference equations are

ST _ Tn,]+1""' Tn.j

— = 4
8z Az (34)
8T 1 [ Tv|+1,j+1 - Tn—1 J+1 Tn+1,l - Tﬂ—l,l ]
- = . 35
or 2 2Ar + 2Ar (35)
SST _ 1 [ Tn+1.l+1— 2Tn>:'+1 + T"-1»1+1
o 2 NG
Twiy— 2Ty + Tosy ]
36
+ AP (36)

Analogous expressions were used for y,
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The rate term for the axial increment was evaluated at
the temperature and concentration at the beginning of
the increment.

With these approximations two sets of equations are
generated: one for ¢, ;.. and one for T”, ;.. Modifications
are required for the center of the tube as presented in
reference 19. The procedure used for numerical solution
is similar to that described by Bruce et al. (4) and by
Lapidus (16).

A special technique was employed at the tube wall to
relate y',, ;.. and § w1, A mass balance for a cylindrical
element bounded by R and R —(Ar/2) gives

y,W.:Hl - y,w-1.1+1 Ga G
— =— "ogn) A e (37
AT e (Y w.5m) (37)

In this particular balance axial flow is neglected. A simi-
lar expression was used by Cleland (5). It reduces to
8y’/8r = 0 as Ar’ approaches zero.

Equation (87) is the finite difference analogy of the
boundary condition represented by part of Equation (26).

The expression for ¢., needed to evaluate the Nusselt
number [Equation (30)], was derived in a similar fashion
from an enthalpy balance at the wall. The result corre-
sponding to axial location (j+1) is

R —Ar/2
—— {— k(Tw,j+1 - Tw-1,1+1)
Ar

+ AHc DA[yAw,Jn - y4w—1.j+1]} (38)

q.R =

A check was included in the computer program to in-
dicate errors. The average of the wall fluxes at the begin-
ning and the end of each axial increment was compared
with the enthalpy change of the fluid flowing through the
element. This is expressed by

(gu)s + (qu)sn RG

=— He,.— Ho, 39
3 ons (Hos 1) (89)

In the final results, the two sides of Equation (39) were
in excellent agreement, except for the first few axial incre-
ments. For example, for the G, = 0.35 run shown in Fig-
ures 1 and 2, the difference between the two sides was
6% at w’ = 0.008, decreased to 1% at w’ = 0.100, and
was less than 19 at higher axial distances.

RESULTS

Numerical data were obtained to show the effects of
heat of reaction for exothermic and endothermic systems,

30
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Fig, 6. Average Nusselt numbers for exothermic
reactions.
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the rate of reaction (frequency factor and activation
energy), and the Lewis number. For each set of param-
eters (G, to G,) the data consisted of radial and axial
profiles of temperature and mole fraction Y. and point and
average Nusselt numbers. The latter results were com-
pared with a Nusselt number for a corresponding inert
system. The inert result is based upon constant and un-
equal wall and entrance temperatures (the Graetz-Nusselt
problem), and the solution is discussed in several refer-
ences (12, 14, 17),

Only a few figures illustrating the data are presented.
Complete results are given in reference 19.

Heat of Reaction (Exothermic)

In this series G,, G., and G, were chosen to represent
a more or less typical gaseous reaction system, and G,
was varied. Thus for gases the Lewis number (G,) is
usually close to unity; Gz = 10* corresponds roughly to
a frequency factor of 10™ sec.™; and G, is 30.7 when the
activation energy is 30,700 cal./g. mole at 500°K. or
15,350 cal./g. mole at 1,000°K. '

Figures 1 and 2 show the bulk temperature and com-
position vs. reactor length. Figure 1 indicates that the
distance of the maximum temperature from the reactor
inlet first increases and then decreases as the heat of re-
action increases. The peak becomes sharper as G, in-
creases, and it was difficult to obtain a stable computer
solution for G, > 0.370.

The mole fraction of reactant decreases more rapidly
the higher the heat of reaction, as noted by the increas-
ingly steep slopes of the curves in Figure 2. For G, =
0.370 the reaction is essentially complete at w' = 0.5.
The upper curve for G, = 0 represents isothermal condi-
tions and agrees well with the results of Cleland (5). In
fact for these values of G,, G., and G, the effect of resi-
dence time distribution in a laminar, isothermal reactor
is small. Hence, the upper curve is almost the same as
that for plug-flow conditions. In the latter situation 1,
is given by

Yy’ = exp (— 2 k/w’) (40)
where k, is a dimensionless rate constant giyen by
k/ = G.exp (— Gy) (41)

The key to explaining the heat transfer characteristics
in a reacting system are the radial profiles. Figures 3 and
4 show these results for the G, = 0.350 curves of Figures
1 and 2. For these conditions reaction becomes nearly

6,=1.0,6728.4 , G=10" G;exptG,)=a6g
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Fig. 7. Axial temperature profiles for endo-
thermic reactions.
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Fig. 8. Axial composition profiles for endo-
thermic reactions.

complete at w’ = 0.6 (Figure 2). In an exothermic sys-
tem the energy transfer due to the temperature difference
is usually directed toward the wall, as illustrated in Fig-
ure 4. Because of the higher temperatures near the cen-
ter of the tube, it would be expected that the mole frac-
tion of A would be less at this location. Figure 3 verifies
this for @’ = 0.296. In this region A diffuses away from
the wall. Since the reaction is exothermic, the energy
transfer due to diffusion is also directed away from the
wall, or opposite to the energy flux due to the tempera-
ture gradient. Hence for w’ = 0.296 it is expected that
the total (net) energy flux could be less than that for an
inert system. Figure 5 shows the point Nusselt number
vs. w’ for the same conditions as Figure 1 and 2. It is
noted that Ny, for G; = 0.35 does dip below the inert
curve at w’ somewhat greater than 0.3. This is more
clearly seen on the insert plot.

For w’ = 0.296, Figure 3 shows that the energy flow
near the wall due to diffusion will be directed toward the
wall, augmenting the energy transfer due to the tempera-
ture gradient. Hence Ny. should be greater than that for
an inert system, and this is confirmed by the curve in Fig-
ure 5 for G, = 0.350.

For G, < 0.35, the radial composition profiles usually
fall in the wall direction so that the energy flux due to
diffusion increases the, total energy flow. Accordingly, for
low G. the Nusselt number is greater than the inert re-
sult (Figure 5).

The drop in composition near the wall for w’ < 0.296
(Figure 3) is due to the lower velocity and longer re-
action time at this location. At low axial distances the
temperature at the center is not much greater than that at
the wall, for example, see the curve for w’ = 0.096 in
Figure 4. Therefore, the increased rate of reaction at the
center is more than balanced by the longer reaction time
near the wall, and more reactant is consumed in the latter
location. This effect becomes more pronounced as the
heat of reaction decreases and explains the increase in
Nusselt number shown in Figure 5 with decreasing G..
These results demonstrate that the distribution of resi-
dence times in laminar flow can have a significant effect
on the heat transfer characteristics of a nonisothermal
system. For a plug-flow reactor (uniform velocity profile
and constant residence time) in which mass and heat
transfer are by molecular diffusion and conduction, y«
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Fig. 9. Point Nusselt numbers for endothermic
reactions.

would be higher near the wall than at the center. Here
the Nusselt number likely would be less than that for an
inert system. The opposite situation in Figure 5 is due
to the longer residence time near the wall.

The actual value of Ny. depends upon the temperature
gradient at the wall and the bulk temperature, and these
quantities in turn are influenced by flow, diffusion, heat
transfer, and the reaction kinetics. Hence a simple ex-
planation such as presented is not exact. However, the
trend of the curves in Figure 5 can be explained by the
direction of the radial gradient of composition. It may be
noted that exact correspondence between inert and re-
action Ny, curves would not be expected, regardless of
the energy contribution due to diffusion. This is because
the boundary conditions for the two situations are not
comparable. The inert result is based upon constant and
unequal wall and inlet temperatures, while for the reac-
tion case these temperatures are the same.

The radial profiles in Figures 3 and 4 were found to
represent the normal results. For other values of G: to
G, unusual profiles may occur. These are discussed later.

In Figure 6 average Nusselt numbers are shown for the
same operating conditions. In the inert case, the fluid
entering the reactor and the wall are at different tem-
peratures so that Nusselt numbers based upon either arith-
metic or log-mean temperature differences can be used.
Hence two inert curves are given in Figure 6. The com-
parison with the arithmetic mean curve is of limited value
because of the different boundary conditions. For ex-
ample, the inert curve approaches zero as w’ increases,
while the reaction curves approach indeterminate values.
This is discussed more fully in reference 19.

Heat of Reaction (Endothermic)

Here the temperature increases from the center toward
the wall of the tube. The higher temperature and in-
creased residence time augment each other in causing y.
to decrease in the wall direction. Because the energy flux
is opposite to the direction of diffusion of A for an en-
dothermic system, the diffusive energy contribution is
toward the center. Thus both contributions to the total
energy transfer supplement each other, leading to Nusselt
numbers considerably larger than for the inert system.

Figures 7, 8, and 9 illustrate the effect of negative values
of G, on T/, y’, and Ny, for constant G,, G,, and G,. The
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results for an exothermic run at the same G,, G, and G,
are also included. The comparison of the curves (Figure
9) for G. = = 0.275 indicates the large effect of the
direction of the diffusive energy flow.

Rate of Reaction

Equations (15) and (16) show that the influence of
the rate of reaction is determined by G; exp (— G.). In-
creasing the rate by either increasing G, (proportional to
the frequency factor) or decreasing G. (proportional to
activation energy) have similar effects on the axial plots
of TV, y»’, or Ny.. For an exothermic reaction, an increase
in rate raises the level of the maximum T and moves it
toward the reactor inlet. Also the point Nusselt number
approaches the inert curve at a lower w’ the higher the
rate of reaction.

However, changing the rate constant (k) can have a
decided effect on the radial profiles. A striking example
results when the activation energy is changed so as to in-
crease the initial rate constant tenfold. For example, if
G, and G; are the same as in Figures 3 and 4 but G, is
reduced to 28.4, the radial profiles for G, = + 0.275 are
as shown in Figures 10 and 11. The axial profiles for these
new conditions are those given by the exothermic curve
in Figures 7 to 9. They are of the same shape as those in
Figures 3 to 5 for the higher activation energy. In con-
trast, the radial profiles show maxima and minima at inter-
mediate r and in general are substantially different from
those of Figures 3 and 4. As might be expected, these un-
usual profiles have an effect on the heat transfer coefficient
and Ny.. To analyze this it is first necessary to investigate
the reasons for the maxima and minima.

First, it is noted from Figure 8 that the reaction is es-
sentially complete at w” = 0.035. The fall in y, near the
wall for low w’ (Figure 11) is due to the combined effect
of residence time and temperature as described previ-
ously. This causes an energy flux toward the wall due to
diffusion. Right at the wall the composition gradient must
be zero. Hence the extra energy due to diffusion is trans-
ferred at the wall by an increased temperature gradient.
In contrast, the composition is essentially uniform near
the center of the tube so that there is a negligible energy
flux because of diffusion. These two effects result in a
maximum in the temperature profile, as observed in Fig-
ure 10. At low w’ this maximum is not very significant;

G, =10, G,= 28.4, G;= 10"
G4 = 0.275, Gyexpl-G.)= 4.66

0.28———w'=0.0355
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Fig. 10. Radial temperature profiles for high
reaction rate.
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for example, note the curve for v’ = 0.01. However, the
increased temperature increases the reaction rate. This
further reduces y. and increases the wall directed energy
flux due to diffusion. Hence as w’ increases, the tempera-
ture maximum in Figure 10 becomes more significant, and
simultaneously a composition minimum develops (see
Figure 11). This situation continues until finally y. be-
comes nearly zero at ' corresponding approximately to
those for the maxima I”. The decrease in y, offsets the
temperature effect, and the rate of reaction and heat
evolved decrease. Hence, the temperature near the wall
actually falls slightly (crossing of curves in Figure 10),
and the maximum T” is shifted toward the center of the
tube. When uw’ = 0.0355, the reaction is complete, and
the temperature profile approaches that of a cooling curve
with a maximum at the center.

At w’ = 0.025, Figure 11 shows that the energy flux
due to diffusion is directed toward the center for + greater
than 0.7. The total energy transfer in this exothermic sys-
tem is reduced by the diffusion contribution. Despite this,
reference to Figure 9 indicates that the Nusselt number
for reaction at this w’ is about twice that for an inert sys-
tem. The explanation is found in the radial temperature
profile. The heat transfer coefficient is given by

b —k(8T/81) (42)
(T, —T.,)
and
Ny, = M (43)
(Tb - Tn)

The profile in Figure 10 at w’ = 0.025 shows a large wall
gradient and suggests a low T,. As Equation (43) indi-
cates, both of these factors cause a large Nusselt number.
Here is a case where the heat transfer coefficient is in-
creased significantly above the inert value when the
energy flux due to diffusion opposes the energy flow
caused by the temperature gradient.

Lewis Number

The previous results were all restricted to a Lewis
number of unity. For liquids, G; = 0.001 is more ap-
propriate. Here the diffusivity is much less, and the sys-
tem would behave somewhat like annular layers of fluid
which were separated by impermeable membranes. The
results are illustrated for an exothermic reaction in Figure
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Fig. 11. Radial composition profiles for high

reaction rate.

Vol. 12, No. 2

A.L.Ch.E. Journal

G, expl-G,) = 0.466
o 0.l 6, =0.00!
- G,= 0275
\—~-\W'= 0.2 \ G=307
0.8 Gy=10"
07 0.3 \\
; 0.6 _w=od \ \
— R
N
05 \\\
os %/0_6_\
1 M
W
02
0.l \
o] 02 04 06 08 10(wan

v

r

Fig. 12. Radial composition profiles for low
Lewis number.

12. The composition gradients are large, and ¢’ is lower
at the wall than at the center. Again the reduction near
the wall is caused by the longer residence time for reac-
tion. For the same G., G, and G; as listed on Figure 12,
the chief effect of changes in Lewis number was on the

radial profiles.

CONCLUSIONS

The radial composition profiles suggest that in laminar
flow in a nonisothermal system the distribution of resi-
dence times can have a significant effect. This is also
evident from the increase in Nusselt number due to reac-
tion for an exothermic system.

The Nusselt number for reacting fluids is greater than
for inert flow under most conditions for either exothermic
or endothermic reactions. In general the effect can be re-
lated to the direction of the radial concentration gradient
and therefore to the direction of the extra energy transfer
due to diffusion. However, for some situations unusual
radial profiles with unsymmetrical maxima or minima are
observed. When this occurs, the increase in Nusselt num-
ber is not caused by an extra wall-directed energy flux.
Rather the heat transfer coeflicient is unusually high be-
cause of a steep temperature gradient at the wall com-
bined with a relatively low bulk temperature.
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NOTATION

A, = frequency factor in Equation (11), g. mole/
(sec.) (cc.) (atm.)

A, = frequency factor in Equation (27), sec.”™

¢ = total concentration, g. mole/cc.

C, = specific heat of reaction mixture, cal./(g.) (°K.)

D, = effective diffusivity of A in the reacting mixture,
defined in Equation (4), sq. cm./sec.

E{or E,) = activation energy, cal./g. mole
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G = mass flow rate divided by the cross-sectional area
of the tube, g./(sq. cm.) (sec.)

h = point heat transfer coeflicient, cal./(sec.) (sq.
cm.) (°K.)

H = enthalpy of the reaction mixture, cal./ g; H, re-
fers to the molal enthalpy of component i, cal./
g. mole

AH = heat of reaction per mole of reactant A, cal./g.
mole

k = thermal conductivity, cal./(sec.) (cm.) (°K.)

k. = reaction rate constant in Equation (11), g. mole/
(sec.) (cc.) (atm.)

k.. = reaction rate constant in Equation (27)

k. = dimensionless rate constant defined by Equation
(41)

M = average molecular weight of reacting mixture,
g./g. mole

N. = radial diffusion rate of A, g. mole/(sq. cm.) (sec.)

pa = partial pressure of A, atm.

Pr = total pressure, atm.

q = point) radial heat transfer rate, cal./(sq. cm.)
(sec.

gw == heat transfer rate to the tube wall

Q = total heat transfer rate to the wall over reactor
length z., cal./sec.

T = radial distance in wall direction, cm.

R = tube radius, cm.

7 = r/R

R« = rate of disappearance of A due to reaction, g.
mole/(cc.) (sec.)

R, = gas constant

T = absolute temperature, °K.

T = (T —-T,)/T.

v, = axial velocity, cm./sec.

Y« = mole fraction of A

v = ya/ya.

z = axial distance from reactor inlet, cm.

@’ = dimensionless axial distance defined by Equation

(18)

P density of reaction mixture, g./cc.

(pv.) = axial mass velocity at any radius, g./(sq. cm.)
(sec.)

Dimensionless Groups

G, to G, defined by Equations (21) to (24)

Ny, = point Nusselt number; Nwv., = average Nusselt
number based upon arithmetic average tempera-
ture difference

Np. = Prandtl number

Nz, = Reynolds number

Subscripts

A = component A

b = bulk mean value

i = axial increment number

n = radial increment number

o = inlet of reactor; this subscript also denotes wall
temperature, since T, = T

w = tube wall
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APPENDIX: DERIVATION OF EQUATION (1)

Suppose the reaction is

aA ~ bB
The assumption of stoichiometric diffusion means
b
Ny = — — N, (A)
a

The radial velocity is given by
1 1
Ur = — (na + nz) = — (MiNs + MzNs) (B)
p: e

where ns and np are the mass diffusion fluxes (see Bird, Stew-
art, and Lightfoot, p. 498, Table 16.1-2,D). Since the molecu-

a
lar weights are related by Mz = - M., (conservation of
mass ), Equation (B) becomes
M, a
v, = — (N4 4+ — Ns) (C)
p b

Utilizing Equation (A) one obtains
v, = 0 (D)

or the radial velocity (and mass velocity) is zero.
Next assume that the flow at the entrance to the reaction

section is laminar. This means that at w’ = 0, for incom-
pressible, constant viscosity, flow

v. = 20 [1 — (+/R)"] (E)
where v = the average velocity. If in addition the density is
constant at w' = 0, Equation (E) becomes

(pv:) = 2G[1—(r/R)*] (F)

This expression applies at w’ = 0. Now as the fluid enters the
reaction zone (w’ >0), Equation (D) tells one that there
can be no net mass transferred radially. Therefore, the axial
mass flux will still be given by Equation (F), which is Equa-
tion (1), at any w’.
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